
Dokuz Eylül University, Department of Mathematics

Math 223 Linear Algebra Final Exam 04.01.2005

Name Student No. Sign

You will not get any points if your answer is wrong, that is no points to your explanations if your answer
is wrong. And of course no points to a correct answer if your explanation or proof is not correct or clear.

YOU must write GOOD Mathematics

In questions number 2,3, and 4, Solve only any 2 of them.

1. Let V = P3(R) (real polynomials of degree 3) and T (f(x)) = f(x) + f(2)x. Find the eigenvalues of T
and an ordered basis β for V such that [T ]β is a diagonal matrix.
Solution:
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In this page, Solve Only any 2 of the Questions.

2. Let λ be an eigenvalue of a linear operator T and let f(x) = a0 + a1x + · · · + anxn be a nonzero
polynomial. Show that f(λ) is an eigenvalue of the operator f(T ).
Solution:

3. Prove that every eigenvalue of a self-adjoint operator T on a finite dimensional inner product space
V is real.
Solution:

4. Let V be an inner product space and S = {v1, v2, . . . , vn} be an orthogonal subset of V consisting of
nonzero vectors. Prove that if f ∈ span(S), then

f =
n∑

i=1

< f, vi >

‖vi‖2
vi.
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5. Let V be a vector space with dim(V ) = 8 and let T be a linear operator whose minimal polynomial
m(t) is m(t) = (t2 + t + 1)2(t + 1)2. Represent all possible (without permuting) rational canonical
form of T .
Solution:

6. Consider the hyperbola xy = 1;

(a) Write the hyperbola in the form zT Az where z ∈ R2 is a column vector and A ∈ R2×2.

(b) Find an orthogonal matrix Q which rotates xy coordinate system to x̂ŷ system and a diagonal
matrix D such that A = QDQT .

(c) Find the equation of the hyperbola in the new coordinate system x̂ŷ

Solution:
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7. For the following matrix A whose characteristic polynomial f(t) is f(t) = −(t − 1)(t − 2)2, find a
Jordan canonical form J and an invertible matrix Q such that J = Q−1AQ,

A =




0 −1 −1
−3 −1 −2

7 5 6




Solution:

Isaac Newton born today (1643 - 1727), “If I have been able to see further, it was only because I stood on the
shoulders of giants.”
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